AN OVERKILL PROOF OF THE INFINITUDE OF PRIMES

NIKLAS ARPPE

ABsTRACT. We deduce the infinitude of the primes from the Lichtenbaum conjecture
for Q at all primes. Our proof rests on the norm residue isomorphism of Voevodsky—
Rost, the main conjecture of Iwasawa theory proved by Mazur—Wiles, and the work of
Rognes—Weibel relating the algebraic K-theory of rings of integers to étale cohomology.

1. INTRODUCTION
Let us begin by recalling Euclid’s theorem and providing an overview of our proof.

Theorem 1.1 (Euclid). — There are infinitely many primes.

The idea of our proof is as follows. If there were only finitely many primes, we could
choose an integer k with p — 1 | 2k for all primes p. For such an integer k, a simple Galois
cohomology computation shows that the K-group Kyx—2(Z) has no odd torsion. Moreover,
the computation of the 2-primary algebraic K-theory of Z shows that its 2-torsion is at
most Z/2Z. Denoting by ¢ the Riemann {-function, Lichtenbaum’s conjecture for Q then
implies that |((1 — 2k)| is bounded. But |[((1 — 2k)]| is known to grow faster than any
exponential in k.

1.1. Notation and conventions. We fix an algebraic closure Q C Q. For a finite set S
of places of Q containing co, we write Qg C Q for the maximal extension of Q unramified
outside of S and Gq s = Gal(Qs/Q). We will only use this for S = {p,oc0} with p a
prime. Moreover, for a prime p and an abelian group A, we write A{p} for its p-primary
part; when A is finite, this is isomorphic to A ® Z,,.

1.2. Author’s comment. The idea for writing this short note came to me while preparing
my talk on the algebraic K-theory of finite fields for the Kan seminar at the University
of Bonn. I got curious about what was known about the K-theory of Z, and started
reading up on the Lichtenbaum and Quillen—Lichtenbaum conjectures in detail. I had also
been wanting to write an overkill proof of a simple statement for fun, and now the pieces
happened to align suitably.

There may well be some circularity in the argument, and hence this note should not be
taken seriously. I have not checked this in detail. It is simply meant to provide an amusing
“proof” of a classical statement.

2. PRELIMINARIES

We start by recalling the heavy machinery that will be used in the proof. As none of
the results will be proven here in detail, we have instead made an effort to make some
historical remarks.

Theorem 2.1. — For k > 1, the groups Ku_o(Z) and Ky._1(Z) are finite.
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Proof. This is [Wei05, Theorem 6]. Note that for the odd case, Q is totally real and
4k — 1 =3 mod 4, so loc. cit. shows that rank Ky;_1(Z) = 0, i.e., the group is finite. The
finite generation is originally due to Quillen [Qui73], and the ranks were computed by
Borel [Bor74]. O

Theorem 2.2 (Quillen—Lichtenbaum conjecture at odd primes). — Let p be an odd prime
and j > 2. Then there is a natural isomorphism

FK2j2(2) ® Zy = HE (Spec Z[1/p], Zy(7)).-

Proof. This is [Wei05, Theorem 70]. The proof there rests on [RW00| and on the norm
residue isomorphism of Voevodsky-Rost (also known as the Bloch-Kato conjecture) [Voell],
relating Milnor K-theory to étale cohomology. O

Theorem 2.3 (Lichtenbaum’s conjecture for odd primes). — Let k > 1, and let p be an
odd prime. Then

Vp(C(1 —2k)) = vp(#Kup—2(Z)) — vp(#Kar—1(Z)).

Proof. By [Wei05, Remark 25|, the denominator of {(1 — 2k) is %wgk(Q), where we write

war(Q) = [] wi(Q),

£ prime

with wéQ(Q) = max, {¢” : Gal(Q(ue)/Q) has exponent dividing 2k}. We note that this
is indeed a finite number for all local and global fields. Now, by [Wei05, Example 44|, the
Main Conjecture of Iwasawa theory,! proved by Mazur-Wiles [MW8&4], implies that the
order of HZ (Spec Z[1/p], Z,(2k)) is the p-primary part of the numerator of ((1 — 2k). By
Theorem 2.2, this is the order of Ky,_2(Z){p}.

Finally, we apply [Wei05, Theorem 70] to see that
Ky 1(Z){p} = Z/wg,?(Q)
as Q is totally real, which implies that
op(#Kai-1(Z)) = vp(wif) (Q)) = vy(wai(Q))-
Combining the above yields the claim. (|

Theorem 2.4 (Lichtenbaum’s conjecture, 2-primary part). — For k > 1, we have
v2(C(1 = 2k)) = 1+ va(#Kap—2(Z)) — vo(#Kap—1(Z)).
Proof. We begin by noting that we have
v2(C(1 = 2k)) = 1+ va(#Kup—2(Z[1/2]){2}) — va(#Kap—1(Z[1/2]){2})

by [RW00, Theorem 0.2]. This again uses some input from Iwasawa theory, namely Wiles
theorem [Wil90]; see also Kolster’s appendix to [RWO00]. It remains to identify factors on
the right-hand side. For this, it will suffice to show that there are isomorphisms

Kn(Z[1/2)){2} = Kn(Z){2}
for all n > 2. To this end, consider Quillen’s localization sequence
- Kn(F2) — Kn(Z) — Kn(Z[1/2]) — Kp1(F2) — -+ .

Quillen’s computation of the K-theory of finite fields [(Qui72| shows that Ky;_1(Fg) =
Z/(27 — 1) and Ks;(F2) = 0 for j > 1. Thus K, (F5) is a finite group of odd order for all

)

IThis requires p to be odd.
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n > 1. Localizing the long exact sequence above at the prime 2 (which kills the Fo-terms)
and passing to torsion subgroups then shows that we obtain the desired isomorphism

Kn(z[1/2]){2} = (Kn(z[l/Q])(Q))tors = (Kn(z)@))tors = n(z){Z}

Theorem 2.5. — Let k> 1. Then
Z/27 if k is odd

0 if k is even.

Kyp—2(Z){2} = {

Proof. This is part of [Wei97, Theorem 1], but let us deduce from the actual statement
in loc. cit. If k is odd, then 4k =4 mod 8 and thus 4k — 2 =2 mod 8. Similarly, if k is
even, then 4k =0 mod 8 and so 4k — 2 =6 mod 8. It thus suffices to read off Weibel’s
results for Kg,12(Z) and Kg,16(Z). Taking the 2-primary part kills off any finite group of
odd order, yielding our desired result. O

Having now stated the big results, we further deduce some estimates on the growth of
the Riemann (-function.
Lemma 2.6. — For every k > 1, we have
2(2k — 1)I¢(2k)
(271')%

In particular, |((1 — 2k)| — oo as k — 0.

2(2k —1)!

C(1—2k)| = o

>

Proof. The first equality is just the functional equation, where the absolute value removes
the sign (—1)* appearing. For the inequality, we simply note that ((2k) =5 o, n ¥ is a
convergent sum of positive terms with first term 1, hence ¢(2k) > 1. The fact that the
right-hand side of the inequality diverges is an exercise in elementary analysis. O

Lemma 2.7. — For every k > 1, we have vo(¢(1 — 2k)) < 2.

Proof. By Theorem 2.1, the groups Ky;_o(Z) and Ky_1(Z) are finite, so Theorem 2.4
and Theorem 2.5 give
v2(C(1 = 2k)) = 1+ va(#Kur—2(2)) — v2(#Kak-1(2))
<14 vo(#Kuk—2(Z))
<141=2
O

Remark 2.8. — The bound in Lemma 2.7 is far from sharp. However, we only need a
uniform one, so we have chosen a simple one that follows easily from our previous results.

3. THE ETALE VANISHING

Our final ingredient is a vanishing result for some étale cohomology groups. This
computation will take place on the Galois cohomology side, so let us recall how these two
compare. This is also where we will have to put in the most amount of effort.

Proposition 3.1. — Let p be a prime, S = {p, o0}, and let M be a finite Gq,s-module
of p-power order, which we view as a locally constant étale sheaf on Spec Z[1/p|. Then, for
all 7 > 0, there are natural isomorphisms

HI (Spec Z[1/p], M) = HI(Gq.s, M).
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Moreover, these groups are finite.

Proof. The isomorphism is [Mil06G, Proposition 11.2.9|, and the finiteness claim [Mil06,

Corollary 1.4.15]. O
Proposition 3.2. — Let p be an odd prime, and let j > 0 be an integer with p — 1] j.
Then

H (Spec Z[1/p], Zy (7)) = 0.
Proof. Put S = {p,00}. The short exact sequences of étale sheaves
0 — Z/p"(j) == Z/p" ' (j) — Z/p(j) — 0
give exact sequences

HZ,(Spec Z[1/p], Z/p"(j)) == Hz (Spec Z[1/p], Z/p" 1 (j)) — HE (Spec Z[1/p], Z/p(j))

for all n. As all the groups involved are finite by Proposition 3.1, taking the limit is exact,
and hence we obtain an injection

H (Spec Z[1/p), Z,(j)) /p — Hz (Spec Z[1/pl, Z/p(j)) = H*(Gq,s, Z/p(j))-

Let us first argue why it will be enough to show that the right-hand side vanishes. If
this were the case, then we would have

pHZ (Spec Z[1/p), Z,(j)) = HE (Spec Z[1/p], Zy(j))-
By induction, p"HZ (Spec Z[1/p], Z,(j)) = HZ(SpecZ[1/p],Z,(j)) for all n > 1. This
shows that all of the projection maps in the inverse system are zero, showing that also
H?Z (Spec Z[1/p], Z,(j)) must vanish.

It therefore remains to show that H2(Gq,s,Z/p(j)) = 0. The Galois module Z/p(j) =
uf?j is given by the character x/, where x: Gq.s — (Z/p)* is the mod p cyclotomic
character. As (Z/p)* has order p — 1 and p — 1 | j by assumption, the character x’ is
trivial. Hence Z/p(j) = Z/p with trivial action, and we must show H?(Gq.s,Z/p) = 0.

Write h? = dimg, H?(Gq,s,Z/p). Recall Tate’s global Euler characteristic formula
[Mil06, Theorem I.5.1], which might take some decyphering. Since Q has a single
archimedean place, which is real, the formula reads

PP #HO(Gal(C/R). Z/p) _p _
" [#Z /Dl p

Since Gq,s acts trivially on Z/p, we have
H(Gq,s,Z/p) = (Z/p)"®% = Z/p,
so h? = 1. By the triviality of the action we also have
H'(Gq,s,Z/p) = Homes(Gq,s, Z/p) = Homes (G 5. Z/p),

where Gab s is the Galois group of the maximal abelian extension of Q unramified outside
S. By the Kronecker—Weber theorem, every finite abelian extension of Q is contained
in a cyclotomic field Q(u,), and the maximal one unramified outside of S is Q(pp).
Therefore

Gos = Gal(Q(up=)/Q) = Lim(Z/p*Z2)* = Z5 = Z/(p — 1) x Zy,
k

where the last isomorphism uses that p is odd. Since p f p—1, we have Hom(Z/(p—1),Z/p) =
0, and Homes(Zyp, Z/p) = Z/p. Thus h! = 1, hence h? = h' — h® = 0, which finishes the
proof. O
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Corollary 3.3. — Let p be an odd prime, and let k > 1 be an integer with p — 1 | 2k.
Then Kuy—2(Z) @ Z,, = 0. In other words, Ka,_2(Z) is p-torsion-free.

Proof. Apply Theorem 2.2 with j = 2k and Proposition 3.2. U

4. PROOF OF THE THEOREM

Putting together all the ingredients from the previous section, we are now ready to
prove our main theorem.

Proof of Theorem 1.1. Suppose towards a contradiction that the set P of all primes is
finite. Put I =lem{p—1:p € P}. Let m > 1 and put k = ml. Then p — 1 | 2k for all
p e P.

Let p be an odd prime, so that v,(#K,—2(Z)) = 0 by Corollary 3.3. Theorem 2.1
ensures that the relevant K-groups are finite, whence Theorem 2.3 yields

up(C(1 = 2k)) = —vp(#Kap-1(Z)) < 0.

In particular, this shows that pU»(¢(1=2k)) <1 for each odd prime p. Combining this with
Lemma 2.7 and unique factorization of (1 — 2k), we get

IC(1—2k)| = H por(C(1=28)) < gv2(C(1-2k)) < 4,
peEP
This holds for any k = ml with m > 1 arbitrary. Letting m — oo contradicts Lemma 2.6,
finishing the proof. O
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